not limited to the aerospace, automobile and sports indus-22 tries [28] . Their appeal lies in the fact that composites exhibit 23 some enhanced mechanical properties, such as high strength 24 to weight ratio, high stiffness to weight ratio, high damp- 25 ing, negative Poisson's ratio and high toughness. In the 26 field of Civil Engineering, composite materials are used 27 either in the form of fiber reinforcing or more recently 28 as textile composites in various applications such as retro- 29 fitting and strengthening of damaged structures [11] , or sup- 30 porting cables for cable stayed bridges and high strength 31 bridge decks [26] amongst many others. This vast and mul-32 tidisciplinary implementation of composites results in the 33 need for better understanding of their mechanical behav-34 iour. Research efforts are oriented towards further improving 35 the mechanical properties of composites while at the same 36 time alleviating some of their disadvantages such as high 37 production/ implementation costs and damage susceptibility 38 [52]. 39 Composites are mixtures of two or more mechanically 40 separable solid materials. As such, they exhibit a heteroge-41 neous micro-structure whose specific morphology affects the 42 mechanical behaviour of the final product [34] . Within this 43 framework, composites are intrinsically multiscale materi-44 als since the scale of the constituents is of lower order than 45 the scale of the resulting material. Furthermore, the result- 46 ing structure, that is an assemblage of composites, can be of 47 an even larger scale than the scale of the constituents (e.g. 48 a textile strengthened masonry structure [24] , a bio-sensor 49 consisting of several nano-wires [44] ). Thus, the required 50 modelling approach has to account for such a level of detail 51 that spreads through scales of significantly different magni-52 tude. Throughout this paper, the term macroscopic (or coarse) 53 scale corresponds to the structural level whereas the term 54 microscopic (or fine) scale corresponds to the composite 55 micro-structure properties such as the sizes, morphologies 56 However, these methods rely on two basic assumptions, 109 namely the full separation of the individual scales and the 110 local periodicity of the RVEs. In practice, the heterogeneities 111 within a composite are not periodic as in the case of fiber-112 reinforced matrices . In order to adapt to general heteroge-113 neous materials, the size of RVE must be sufficiently large 114 to contain enough microscopic heterogeneous information 115 [3, 54] , thus increasing the corresponding computational cost. 116 Furthermore, in an elasto-plastic problem, periodicity on the 117 RVEs also dictates periodicity on the damage induced which 118 could result in erroneous results.
119
The MsFEM is a computational approach that relies on 120 the numerical evaluation of a set of micro-scale basis func-121 tions. These are used to map the micro-structure informa-122 tion onto the larger scale. These basis functions depend both 123 on the micro-structural geometry and constituent material 124 properties. Therefore, the heterogeneity can be accounted 125 for through proper manipulation of the underlying finite ele-126 ment meshes defined at different scales. MsFEM was first 127 introduced in [31] although a variant of the method was 128 earlier introduced in [7] for one-dimensional problems and 129 later for the multi-dimensional case [6] . Along the same 130 lines, domain-decomposition [66] and sub-structuring [68] 131 approaches have also been introduced for the solution of elas-132 tic micro-mechanical assemblies.
133
Although MsFEMs have been extensively used in linear 134 and nonlinear flow simulation analysis [19, 27] the method 135 has not been implemented in structural mechanics problems. 136 This is attributed to the inherent inability of the method to 137 treat the bulk expansion/ contraction phenomena (i.e. Pois-138 son's effect). To overcome this problem, the enhanced mul-139 tiscale finite element method (EMsFEM) has been proposed 140 for the analysis of heterogeneous structures [62] . EMsFEM 141 introduces additional coupling terms into the fine-scale inter-142 polation functions to consider the coupling effect among dif-143 ferent directions in multi-dimensional vector problems. The 144 method has been also extended to the nonlinear static analy-145 sis of heterogeneous structures [63] . Recently, the geometric 146 multiscale finite element method was introduced [14] along 147 with a novel approach for the numerical derivation of dis-148 placement based shape functions for the case of linear elastic 149 problems.
150
However, a limiting factor in a nonlinear analysis proce-151 dure, is the fact that the numerical basis functions need to 152 be evaluated at every incremental step due to the progres-153 sive failure of the constituents. In [63] the initial stiffness 154 approach is implemented for the solution of the incremen-155 tal governing equations, thus avoiding the re-evaluation of 156 the basis functions. Nevertheless, this method is known to 157 face serious convergence problems and usually requires a 158 large number of iterations to achieve convergence [46] . The 159 computational cost increases even further for the case of a 160 the proposed hysteretic multiscale finite element method is strain rates, the flow rule, the hardening rule and the consis-209 tency condition [38, 49] .
210
The additive decomposition of the total strain rate into 211 reversible elastic and irreversible plastic components [41] where {ε} is the rate of the total deformation tensor, ε el 215 is the rate of the elastic part of the total deformation vector, 216 ε pl is the rate of the plastic part of the total deformation 217 vector while (.) denotes differentiation with respect to time. 218 Based on observations, the unloading stiffness of a plastified 219 material is considered equal to the elastic and thus the fol-220 lowing relation holds between the total stress tensor {σ } and 221 the elastic part of the strain rate:
where [D] is the elastic constitutive matrix.
224
The plastic deformation rate is determined through the 225 flow rule using the following relation
whereλ the plastic multiplier, Φ is the yield surface and {η} 228 the back-stress tensor. The consistency condition or normal-229 ity rule of associative plasticity [38] is defined as:
The evolution of the back-stress {η}, determines the type of 232 kinematic hardening introduced in the material model during 233 subsequent cycles of loading and unloading and corresponds 234 to the gradual shift of the yield surface in the stress-space. 235 A commonly used type of hardening is the linear kinematic 236 hardening assumption which dictates a constant plastic mod-237 ulus during plastic loading such that:
where C is defined as the hardening material constant. During 240 a plastic process the current stress state, the plastic multiplier 241 and consequently the vector of plastic deformations are read-242 ily evaluated through the solution of the nonlinear system of 243 Eqs. where again {b} is a 6 × 1 column vector.
255
The plastic multiplier assumes a positive value when 256 the material yieldsλ >0 and thus relation (7) reduces to:
Pre-multiplying relation (6) with {α} T the following equation
259
is derived: 
264
In classical plasticity the hardening law is defined as a relation
265
between the back-stress tensor and the plastic strain tensor.
266
This relation can be either rate dependent or rate independent.
267
In any case, the back-stress is finally derived as a function of 268 the plastic multiplierλ and one can write:
270
where G is defined herein as the hardening function. Sub-271 stituting relation (11) into Eq. (10) the following relation is 272 derived:
274
Rearranging and solving for the plastic multiplier the follow-
275
ing expression is derived:
where κ is a scalar that assumes the following form:
279
In the case of the elastic perfectly plastic material G = 0, and 280 relation (13) coincides with the Karray-Bouc formulation 281 described in [15] . Equations (8)- (13) hold when yielding has 282 occurred, either in the positive or in the negative semi-plane
283
and thus by introducing the following Heaviside functions:
285 a single relation is established for the plastic multiplier, in 286 the whole domain of the strain tensor: 
and:
where N , β and γ are model parameters and Φ 0 is the maxi-298 mum value of the yield function or yield point. In the special 299 case where β = γ = 0.5, the unloading stiffness is equal to 300 the elastic one. The total derivativeΦ in Eq. (18) is derived 301 from the following expression
Substituting the plastic multiplier from Eq. (16) into rela-304 tion (6) and rearranging, the following expression is derived: 305
where [I ] is the 6 × 6 identity matrix and [R] is evaluated as: 307
Matrix [R] in equation determines the interaction relation 309 between the components of the stress tensor at yield so that 310 the consistency condition in relation (7) is satisfied.
311
The corresponding smooth back-stress evolution law can 312 be derived accordingly by substituting Eq. (16) into Eq. (11): 313
where R is the corresponding hardening interaction matrix 315 defined by the following relation
Equations (20) and (22) define a smooth plasticity model, 319 valid on the overall domain of the material cyclic response. In 320 classical plasticity the transition from the elastic to the inelas-321 tic regime, and vice-versa, is controlled through the definition 322 of the yield function and the accompanying hardening law 323 (Fig. 1a) . In this work, this transition is smoothed through 324 the introduction of parameters H 1 and H 2 thus allowing for a 325 more versatile approach on the hysteretic modelling of mate-326 rials. In Fig. 1b , the corresponding evolution of the smooth 327 Heaviside functions H 1 and H 2 is schematically presented 328 over a full loading-unloading-reloading cycle. It is deduced 329 from Eqs. (17) , (18) and (20) 
340
In the case where a return-mapping scheme is implemented ing is slightly larger than the stiffness of elastic loading.
360
In Fig. 2c formulation [56] . In this work the collocation points are 
Equation (37) is supplemented by the set of nonlinear equa-457 tions accounting for the evolution of the plastic part of the 458 deformation components defined at the collocation points. 459 These are the rates of the plastic strain vector defined in Eq. 460 (33) and assume the following form at the component level 461
Equations (37) and (38) form the governing equations of the 463 hysteretic finite element scheme. The latter is then used to 464 describe the micro-scale nonlinear behaviour of the multi-465 scale scheme introduced in this work.
466
3 The enhanced multiscale finite element method 467
Overview

468
The EMsFEM is briefly presented in this section as a refer-469 ence for subsequent derivations. In Fig. 3 the FEM computa-470 tional model of a composite heterogeneous structure is pre-471 sented. A 2D periodic structure, meshed with quadrilateral 472 plane stress elements is considered for brevity. However, the 473 numerical method presented in this work is also established 474 for the case of 3D meshes. The corresponding applications 475 are presented in Sect. 6. Since EMsFEM is a computational 476 multiscale scheme, no requirements exist on the periodicity 477 of the underlying mesh [39] .
478
In the MsFEM the structure consists of two layers, namely 479 a fine-meshed layer up to the scale of the heterogeneities and 480 a coarse mesh of the macro-scale where the solution of the 481 discrete problem is performed. In Fig. 3 , the fine element 482 mesh consists of 54 quadrilateral micro-elements and 70 483 micro-nodes while the coarse mesh consists of 6 quadrilateral 484 
Accordingly, the macro-displacement field is described by 492 the vector
In general, the subscript m is used throughout this work to 495 denote a micro-measure while the capital M is used to denote 496 a macro-measure of the indexed quantity.
497
Instead of implementing a one-step approach, i.e. solving In Fig. 4 , the RVE finite element mesh of the periodic com-521 posite structure (Fig. 3) is presented. This mesh is assigned 522 a local nodal numbering since it is solved as an independent 523 structure.
524
EMsFEM is based on the assumption that the discrete 525 micro-displacements within the coarse element are interpo-526 lated at the macro-nodes using the following scheme: 
545
It can be demonstrated [20, 62] that a necessary and suf-546 ficient condition for relations (39) to hold is that the micro-547 basis functions adhere to the following property
Further details on the numerical evaluation of the micro-basis 551 functions are given in the Appendix section.
552
Considering the micro to macro-displacement mapping 553 introduced in relation (39), the following equation can be 554 established in the micro-elemental level 
The (2n micro × 1) vector of nodal displacements of the 577 micro-mesh {d} m is evaluated as: of each micro-element in the stiffness of the RVE, the latter 605 being considered as a stand-alone structure. In this work, the 606 direct stiffness method [65] is implemented for that purpose. 607 In the example case presented in Fig. 4 47) is performed 618 using the Penalty method [9, 23] .
619
The type of the boundary conditions implemented for the 620 evaluation of the micro-basis shape functions significantly 621 affects the accuracy of EMsFEM. Four different types of 622 boundary conditions are established in the literature namely 623 linear boundary conditions, periodic boundary conditions, 624 oscillatory boundary conditions with oversampling and peri-625 odic boundary conditions with oversampling. In the first case, 626 the displacements along the boundaries of the coarse element 627 are considered to vary linearly. Periodic boundary conditions 628 are established by considering that the displacement compo-629 nents of periodic nodes lying on the boundary of the coarse 630 element differ by a fixed quantity that varies linearly along 631 the boundary of the coarse element. The oscillatory bound-632 ary condition method with oversampling considers a super-633 element of the coarse element whose basis functions are eval-634 uated using the linear boundary condition approach. Finally, 635 the periodic boundary conditions with oversampling com-636 bine the oversampling technique with the periodic boundary 637 condition method, thus allowing for the implementation of 638 the latter in non-periodic RVE meshes [39, 63] .
639
In this work, the cases of linear and periodic boundary 640 conditions are considered. An example on the application of 641 the periodic boundary conditions is described in the Appen-642 dix, however further details on the procedure implemented 643 for the derivation of the micro-basis functions can be found 644 in [20, 63] . The interpolation scheme introduced in Eq. (45) maps the 647 macro-displacement vector to the micro-displacement com-648 ponents of the fine mesh. Through this approximation, the 649 solution of the structural problem can be performed in the 650 coarse mesh. Consequently, the external applied loads have 651 to also be defined in the coarse mesh nodes. Therefore, a pro-652 cedure is required that maps the external applied loads acting 653 on the micro-mesh to equivalent loads acting on the coarse 654 mesh nodes. By means of equivalence of the potential energy 655 be enforced by calculating a set of "perturbed" micro-forces.
663
The micro-forces, acting on the micro-nodes will result in 
684
The evaluation of the "perturbed" micro-displacement 
Rearranging terms, Eq. (52) can be cast in the following form
720
722
can be considered as a nonlinear correction to the externally
Equation (52) .
734
The derived multiscale elastic stiffness and hysteretic (58) gives rise to the following equation:
where
are the equivalent elastic stiff-756 ness and hysteretic matrix of the j th coarse element respec-757 tively while ε pl cq M is the vector of plastic strains defined 758 at the collocation points. Within the multiscale finite ele-759 ment framework, these quantities are not known a priori and 760 need to be expressed in terms of micro-scale measures, thus 761 accounting for the micro-scale effect upon the macro-scale 762 mesh. This is accomplished by postulating that the strain 763 energy of the coarse element is additively decomposed into 764 the contributions of each micro-element within the coarse-765 element. Thus, the following relation is established: 
Substituting relation (45) into relation (61) gives rise to the 775 following expression
Substituting Eqs. (59) and (62) into Eq. (60), the following 780 expression is derived: 
788 thus, substituting in relation (59) the following multiscale 789 equilibrium equation is derived for the coarse element: ering the micro to macro mapping arising from the evolution 794 of the plastic strains within the micro-structure. Equations (66) and (67) 
are the (ndo f M × ndo f M ) 824 macro-scale mass, viscous damping and stiffness matrix 825 respectively, evaluated at the coarse mesh.
826
The formulation of the mass matrix, defined at the coarse 827 mesh, is established on the grounds of the micro-basis shape 828 functions presented in Sect. 3. This leads to a multi-scale 829 consistent mass matrix formulation where the derived mass 830 matrix is non-diagonal. Well-known mass diagonalization 831 techniques can then be performed to derive an equivalent 832 lumped mass matrix [18] . However, the implications of such 833 approaches are beyond the scope of this work. Similarly, the 834 viscous damping can be of either the classical or non-classical 835 type [17] .
836
The global stiffness matrix of the structure, defined at 837 the coarse mesh, is formulated through the direct stiffness 838 method from the contributions of the coarse elements equiv-839 alent stiffness matrices K el M C R ( j) [Eq. (64) The total stresses at the collocation points are evaluated by 905 integrating Eqs. (25) and (22) 
respectively. Equations (77) and (78) 
Newton iterative scheme
919
In this section, the nonlinear static analysis procedure imple-920 mented is presented for clarity, while the dynamic case is 921 treated accordingly using the Newmark average acceleration 922 method to integrate the equations of motion [17] .
923
Dropping the inertia and viscous damping terms from Eq. 924 (68) the following equation is derived:
Considering an iterative Newton-Raphson incremental 927 scheme the following equation is established
where j stands for the current iteration within the current 930 loading step i, j i { P} is the current externally applied force 931 increment that at the beginning of the load increment is eval-932 uated as: 
969
The total stresses are derived by integrating Eqs. (77)- (79).
970
This is a system of first order nonlinear differential equations.
971
In this work, an Euler scheme is implemented to retrieve the 972 updated stress field at the Gauss points for brevity. How- Therefore, the updated plastic strain vector is derived as:
Having evaluated the nodal displacement field and plastic 981 strain field at the micro-element level the corresponding 982 incremental micro-forces 1 i { f } m(i) can be evaluated using 983 relation (50) . These are then used to derive the next increment 984 of the perturbed micro-displacement vector 2
, 985 using relation (49) as well as the increment of the macro 986 equivalent nodal forces using relation (55) . Assembling at 987 the coarse element level the increment of the internal forces, 988 defined at the coarse level is readily derived as:
The current internal force vector is then compared to the 992 external applied load vector through an appropriate conver-993 gence criterion and the iterative procedure continues until 994 convergence. Any type of convergence criterion can be used; 995 a work based criterion is implemented herein assuming the 996 following form [23] :
where ε is a user defined tolerance. Usually ε is chosen such 999 that 10 −7 ≤ ε ≤ 10 −4 .
1000
Relations (80)- (89) define an explicit Newton solution 1001 scheme, where the state matrices remain constant through-1002 out the analysis procedure. The resulting iterative scheme 1003 relies on constant global matrices and does not require the re-1004 evaluation and re-factorization of the global stiffness matrix. 1005 Inelasticity is introduced as an additional load vector that 1006 acts as a nonlinear correction to the externally applied load. 1007 This hysteretic load vector is evaluated by considering the 1008 evolution of the plastic strain at collocation points defined in 1009 the micro-scale.
1010
Consequently, the re-evaluation of the micro to macro 1011 numerical mapping [relation (47)] is not required either. The 1012 numerical schema described herein can be extended for the 1013 case of nonlinear dynamic analysis by introducing a time-1014 marching method on top of the iterative procedure. Both the 1015 static and dynamic analysis case has been treated and their 1016 corresponding results are discussed in the Sect. 6. 
Comparison to the classical iterative solution procedure 1018
The EMsFE method significantly reduces the size of the finite 1019 element mesh to be solved, since the solution procedure is 1020 applied in the coarse mesh. This is accomplished by the eval-1021 uation of a numerical mapping that interpolates the displace-1022 ment components of the fine mesh onto the displacement 1023 components of the coarse mesh through relation (39) . and introduces an additional set of nonlinear equations that 1047 need to be solved [Eq. (69)]. However, the solution of these 1048 equations is performed at the local micro-level. Each set of 1049 equations is independent and can be solved in parallel, thus 1050 significantly enhancing the computational efficiency of the 1051 proposed scheme.
1052
Since the proposed scheme is based on constant state 1053 matrices the corresponding rate of convergence is expected to 1054 be slower than the full Newton-Raphson method that guar-1055 antees quadratic convergence. Nevertheless, the significant 1056 reduction of the order of the computational model in con-1057 junction with the implicit parallelicity of the proposed algo-1058 rithm render the hysteretic scheme an efficient method for 1059 the solution of multiscale problems. In this example, a cubic specimen is examined (Fig. 8) cial code [29] .
1078
The model is considered fixed at its base, while a uniform 
1086
To establish the FEM solution that will serve as a ref-1087 erence for further comparisons, three different discretiza-1088 tion schemes are considered, namely a 16, 512 and 4096 1089 hex element mesh. All analyses are performed using the dis-1090 placement based 8-node hex element implementing the b-bar 1091 integration scheme [29] . A full Newton-Raphson procedure 1092 in 1000 incremental steps is used in Abaqus with the same 1093 ammount of steps being applied in the proposed formulation 1094 for comparison purposes. The specimen is loaded up to a 1095 vertical displacement equal to 2.0 × 10 −6 m . In Fig. 9a , the 1096 derived pressure-displacement paths are shown for the three 1097 different discretization schemes.
1098
The hysteretic multiscale finite element method is imple-1099 mented considering 8 coarse elements. Each coarse element 1100 is meshed into 64 micro-elements so that the total num-1101 ber of fine elements remains equal to 512. The correspond-1102 ing pressure-displacement path is presented in Fig. 9b . The 1103 obtained solution is compared to the derived solution from 1104 the standard FE analysis. The difference between the two for-1105 mulations is less than 1.0 %. Furthermore, while the Abaqus 1106 analysis procedure concluded in 51 s, the multiscale analysis 1107 module concluded in 13 s resulting in a 70 % reduction of 1108 the computational time. 
1115
The derived pressure displacement path is presented in 
1124
The linear boundary constraint imposed on the coarse ele- 6.2 Cantilever with periodic micro-structure
1133
In this example, a composite cantilever beam is examined. 1134 The beam (Fig. 12a) consists of a 30×6 matrix of RVEs. The 1135 RVE presented in Fig. 12b Nodes in sector AB are considered fixed in both directions 1140 (Fig. 12a . A traction load T is applied at the free end of the 1141 cantilever.
1142
Using the Abaqus commercial code [29] 
1147
Due to the periodicity of the structure, a periodic finite 1148 element mesh is derived accordingly. Thus, using the mul-1149 tiscale finite element method, a single fine mesh compo-1150 nent needs to be evaluated comprising of 353 nodes and 1151 320 quadrilateral plane stress elements. The corresponding 1152 coarse-element structure (Fig. 12a) consists of 217 nodes and 1153 180 elements. Therefore, using the proposed methodology, 1154 the computational complexity of the initial finite element 1155 problem reduced from a magnitude of O 76380 2 to that of 1156 O 353 2 .
1157
The micro-mesh considered for the RVE together with 1158 the material properties considered in the two test cases are 1159 presented in Fig. 13 , where E m , n m and E i , n i are the elas-1160 tic properties of the matrix and the inclusion respectively. 
1168
The derived load-displacement path for both the homo- Only the heterogeneous case is examined in this loading 1191 scenario. To further examine the efficiency of the proposed 1192 scheme, the structure is driven well beyond its yield limit. 1193 Also, an average acceleration Newmark scheme is imple-1194 mented in all cases with a constant time step dt = 0.0002 1195 s. The load is applied for a total duration of T = 10 s, thus 1196 the total number of requested incremental steps is equal to 1197 N steps = 50000.
1198
A lumped mass matrix approach is implemented consid-1199 ering the following densities, namely γ m = 1KN/m 3 and 1200 γ i = 0.1KN/m 3 for the matrix and the inclusion respec-1201 tively. The time history of the tip vertical displacement for the 1202 two formulations is presented in Fig. 15a where in the mul-1203 tiscale case both linear (HMsFEM-L) and periodic bound-1204 ary (HMsFEM-P) conditions are considered. Similar to the 1205 monotonic case, the solution derived with linear boundary 1206 conditions is stiffer. This is evident during the last cycle of 1207 the cantilever response where severe inelastic deformations 1208 occur.
1209
However in this case, the relative error between the linear 1210 boundary condition case (HMsFEM-L) and the FEM solution 1211 assumes the maximum value of 2.75 % while the correspond-1212 ing error for the HMsFEM-P solution is less than 1.5 %. The 1213 evolution of the relative error for the three different models is 1214 presented in Fig. 16 The elastic material properties considered for each of the 1240 constituents are presented in Table 1 . Isotropic elastic con-1241 
1245
A homogenized orthotropic elastic material is used for the 1246 textile composite layer [24] . The corresponding properties 1247 are presented in Table 2 .
1248
A finite element model is constructed in Abaqus for verifi-1249 cation, using 2204 8-node displacement based hex elements.
1250
To avoid numerical instabilities stemming from the imple- second one consists of stone and composite layers only and 1264 accounts for the top coarse element of the wall (Fig. 18 ).
1265
The wall is subjected to the Lefkada ground excitation 1266 record (Lefkada 2003) presented in Fig. 19 . The peak ground 1267 acceleration of the record is approximately α max = 0.33g at 1268 t = 6.8 s and the sampling time is dt acc = 0.01 s. The aver-1269 age acceleration Newmark integration method is used in both 1270 cases, with a constant time step dt = 0.001 s. The first 20 s 1271 of the ground motion record are considered in this example. 1272 The time-history of the relative horizontal displacement mea-1273 sured at the top of the masonry wall is presented in Fig. 20a . 1274 The two solution methods yield practically the same results. 1275 Differences are observed during the last 5 s of the response. 1276 These are attributed to the different plasticity formulations 1277 (and the accompanying integration algorithms) implemented 1278 in the two approaches that result in different values for the 1279 corresponding residual deformations. In Fig. 20b a stress-1280 strain hysteretic loop is presented derived at micro-element 1281 '#'19 (Fig. 17b) . The values presented are the average values 1282 of the corresponding components evaluated at the 8 Gauss 1283 quadrature points. The two solutions are in good agreement. 1284 In Fig. 21 , the time history of the relative error between 1285 the two solutions for the normal stress-strain hysteretic loops 1286 of Fig. 20b is presented. The relative error in this case is 1287 evaluated as: The maximum error is 1.18 % and corresponds to the time 1290 increment where the maximum plastic deformations occur.
1291
The average error is 0.63 %.
1292
Finally, the proposed formulation concludes in approxi- 
Conclusions
1297
In this work, a novel multi-scale finite element method is pre-
1298
sented for the nonlinear analysis of heterogeneous structures.
1299
The proposed method is derived within the framework of 1300 the enhanced multiscale finite element method. However, the 1301 necessary re-evaluation of the the micro to macro basis func-1302 tions is avoided by implementing the hysteretic finite element 1303 formulation at the micro-level. Consequently, inelasticity is 1304 treated at the micro-level through the introduction of local 1305 inelastic quantities. These are assembled at the macro-level 1306 in the form of an additional load vector that acts as a non-1307 linear correction to the externally applied loads. As a result, 1308 the state matrices of the multiscale problem need only to be 1309 evaluated once at the beginning of the analysis procedure.
1310
The evolution of the additional inelastic quantities, e.g. the 1311 plastic part of the strain tensor, are bound to evolve accord-1312 ing to a generic smooth hysteretic law. The hysteretic model 1313 implemented is a generalized form of the Bouc-Wen model 1314 of hysteresis, allowing for a more versatile approach on mate-1315 rial modelling. In the application section, examples are pre-1316 sented that verify the computational efficiency of the pro-1317 posed formulation as well as its accuracy. where {d} m is the 18 × 1 nodal displacement vector of the 1381 RVE defined in relation (46) The periodic boundary conditions introduce a numerical 1388 perturbation on the displacement field of periodic boundary 1389 nodes. Thus, they can in principle be used in non-periodic 1390 enough for the considered perturbation to be valid, i.e. for the displacements of periodic boundary nodes to differ by a small variation of the displacement field. Furthermore, the 
